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Abstract In this paper, we intend to carry out a detail investigation on influence of higher-order effects on the modulation instability
scenario in the three-core triangular (NIM-PIM-NIM) oppositely directed coupler. Upon arriving at the expression for instability gain
employing linear stability analysis, particular attention is paid to reveal the impact of stimulated Raman effect and the self-frequency
shift over the instability gain and the side band formation in both normal and anomalous instances. The study brings out a novel
result that a regime of instability gain still exists in normal group-velocity dispersion even though the modulational frequency (£2)
is zero. However, the benefits in instability at 2 = 0 are zero when the dispersion is anomalous. The self-frequency shift, stimulated
Raman effect, and saturable nonlinearity exhibit novel effects of introducing new side lobes and merging the existing side bands
paving technique to generate solitary wave/solitons or very brief pulses.

1 Introduction

Nonlinear systems across several physical disciplines exhibit the universal phenomena known as modulation instability (MI), which
could readily be perceived as the exponential increase of minor perturbations applied to continuous waves. It is a crucial method
for comprehending how the nonlinearity and dispersion of the underlying nonlinear system interact [1-3]. While MI can also be
produced for normal dispersion under various physical conditions [4—7], it often occurs in optical fibres for anomalous dispersion [8,
9]. MI frequently has detrimental consequences on optical communication systems [8]. As we look into the application prospects,
versatile domains of MI usage can be seen in fibre lasers [10], frequency conversion optimisation [11], ultrashort pulse generation
[12], new laser development [13], fibre characterisation [14], supercontinuum generation [15], all-optical switching [16], fibre-optic
sensing [17], and so on.

Mode-division-multiplexing (MDM) technology has been developed recently to boost the optical communication system’s trans-
mission capacity [18-21]. Correspondingly, there is a renewed curiosity in the examination of the wave transmission in multicore
and multimode as the system evolves as the potential new-generation information transmission medium [22-24]. The nonlinearity
plays a crucial role in affecting the attributes of MDM system [25-28]. To comprehend the interplay between the nonlinearity and
the dispersion of the underlying nonlinear system, rigorous research into MI in multicore and multimode fibres is required. Several
studies have already been conducted to investigate MI in few-mode fibres and few-core fibres, particularly in three-core fibre (TCF)
[29-35]. For short pulses with width~1 ps or less, among the higher-order nonlinear effects, intrapulse Raman scattering (IRS)
and self-frequency shift (SFS) are poignant and proved to be consequential with their optical shock effect and the red frequency
shift of soliton [8]. Quite a few studies in metamaterial-fabricated three-core fibres have looked at the influence of IRS and SFS on
MI in two-core fibres with the negative refractive core [36—48]. When the input intensity is sufficiently enough in systems such as
impurity-added semiconductor fibre and a few polymers, higher-order nonlinear susceptibilities will tend to appear and merge and
saturate the nonlinear response. Due to this, the increase in the nonlinearity in such a fibre system is not monotonous, but rather
levels off towards saturation at a characteristic power known as a saturation power. Few works have also discovered further useful
results while describing the effect of higher-order nonlinear saturation on MI in two-core and three-core fibre systems [49-54].
However, the scenario of three-core fibre with alternating positive/negative refractive indices and the effects of IRS and SS has never
been investigated.

The main objective of this paper was a systematic investigation of the impact of SS and IRS on the MI in TCF with traditional
saturable nonlinearity. In Sect. 2, we provide the coupled nonlinear Schrodinger equations that govern the propagation of pulses in
nonlinear TCF with the SS and IRS effect and talk about the physical significance of the essential parameters. The MI spectrum
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Fig. 1 Schematic representation .

of three-core triangular coupler NIM

with opposite directionality PIM @
NIM —_— @

is then analytically calculated in the presence of SS and IRS using the linear constancy approach, and in Sect. 3, we analyse the
implications of SS, nonlinear saturation, and IRS on MI for both anomalous and normal regimes. Finally, in Sect. 5, we provide the
crucial findings of the impacts of SS, nonlinear saturation, and IRS on the MI spectrum in TCF.

2 Modal for analytic and classical linear stability technique
2.1 Modulational instability gain profile via coupled nonlinear Schrodinger equations (NLSE)

We have taken into consideration the schematic replica of the connector invent with three oppositely aligned planes as exposed in
Fig. 1 for the sake of our inquiry. It can be conceptualised as a leisurely changing wave packet by means of Ref. [55]. Channels 1
and 3 are conversing in this configuration. References [38, 51, 52] cover other variations. Higher-order nonlinear property becomes
noteworthy when the electromagnetic wave propagates within the three cores (NIM-PIM-NIM) with incident intensity sufficiently
greater than the verge level. The transmission form has to be tailored appropriately if higher-order nonlinearities such stimulated
Raman scattering and self-frequency shift are taken into account [51]. The NLSE described in the following [38, 51, 52] offer the
leading theoretical equations for electromagnetic wave transmission in a three-core connector with an opposing directionality.
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Channels 1 and 3 are NIM in this instance, but Channel 2 is PIM. The refractive index sign is represented by the characters €1, €2,
and €3. Both &1 = ¢3 = —1 and &3 = 1 are true in the work. The grouping speeds of connectors 1, 2, and 3 are represented by
the variables vyg, v2g, and v3g, respectively. ay, az, and a3 are used to signify the complex normalised amplitudes. The coefficients
of nonlinear coupling strength are «12, k12, K13, kK21, K23, k32, and «31. The letters yi, y2, and y3 stand for the Kerr terms. While
Tr1, Tr2, and Tg3 stand for the induced frequency shift parameters, Si, S», and S3 represent the self-steepening parameters.

With a nonlinearity of the Kerr type, the index just varies with respect to the light intensity I, whereas for a nonlinearity of the
SNL, the index change is related to the saturation function I/(1 + I). One must take into consideration saturation of the nonlinear
refractive index, as in the case of Refs. [38, 56], since saturation recurrently happens even at modest concentration, especially in
exceedingly nonlinear resources. The requisite saturation function must first be incorporated into the Maxwell equations before the
propagation equation can be obtained. The cubic Kerr factor equivalent of the nonlinear index could alternatively be replaced by the
saturating index term. We use a clear-cut method with the relevant adaptation for an oppositely aligned connector in the following
because the nonlinear saturation replica for the negative indexed material has previously been dealt with [41, 44, 52].
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The diffusion factor I" is connected to the saturation power (Pgy) by the equation I" = 1/Pgy, and herei = 1, 2, 3.

The saturation and higher-order nonlinear response of the ODSC are accounted for by the modified coupled NLSE, which can
be represented as follows:
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It is well recognised that obtaining nonlinear spreading curves from the constant wave solutions of the joined equations allows
for the convenient disclosure of details on the strength of nonlinearity on the photonic band break [49, 51]. We therefore presume
the existence of CW solutions to the basic equations of the structure [51].

. 8

a; = ulExp[l (S - E)Zi|,
. 8

ay = quxp|:—z <E - §>z:|, “4)
. §
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The nonlinear spreading kindred can now be produced by combining Egs. (1), (2), and (3) with Eq. (4).
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2.2 Instability gain relation via standard linear steadiness method

The effect of Kerr nonlinearity on MI can be clearly recognised when linear stability analysis is used. A CW must first experience
some minor perturbations in order to identify whether it gets weaker or stronger as it spreads. Equation (4) might alter if we have
an explanation for the tiny interruptions.

aj = (uj+ai(z, z))Exp[i (s - g)Z] (6)

where «; is a perturbation term (‘aj ’Auj, i =1,2,3), and «; is excessively tiny.
We change Eq. (6) into Eq. (3a, b, and c) and linearism in ¢; to make the linear appearance.
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Look at a typical solution with two side lobe components that can travel both forwards and backwards.
ailz, t] = Ciexpli(kz — Q) + D; exp[—i(kz — Q1)] (10)

where k and §2 are the spatial frequency and modulation frequency, respectively. By totalling Eq. (10) to equations, a set of six
linearly associated Eqs. (7-9) that are fulfilled by C; and D; is created. The 6 x 6 determinant of the coefficient matrix must vanish
in order for this set to have a nontrivial solution, shown as follows:

My Mip M3 My Mis Mg Ci
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In this situation, the nonzero matrix coefficients are
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whereas dispersion terms are often vig # vz 7# v3¢ and coupling coefficients are typically k12 # k21 # K23 # k32 # K13 # K31,
in a manner comparable to [40, 57]. The three-core coupler in this system, however, has alike substantial properties in all three
cores aside from the discontinuous refractive indices, where the expressions ¢ €2, and &3 rise in for the index sign. Accordingly,
we assume that the cores have the identical pairing strengths of vjy = vy, = v3g = vg. The 6 x 6 stability matrix’s associated
determinant vanishes, leading to a polynomial of sixth order.

QA+ QB+ C+ D+ QPPE+QF+G =0, (11)

The continuous-wave solution’s stability is determined by the six roots of Eq. (11). The roots must fall into the negative imaginary
fraction domain; this causes the exponential increase in perturbation’s amplitude, which is essential for finding MI in one of the
sixth-order polynomials roots. The instability gain is produced by the equation:

G = [Im(Qmax)|, 12)

where Im(Qmax) depicts the complex conjugate of Qmax and Qmax is the polynomial’s biggest value’s root.

3 Features of the MI spectrum in a three-core coupler channel with opposite directionality

As we get into the details of the three-core coupler with an oppositely orientated MI’s dynamics, we start with the instability zone
and threshold conditions which are obtained as a function of structure parameters in the forthcoming sections.

3.1 Impact of incident power on the MI

To further explore into the effect of input power on instability gain, Fig. 2 is plotted wherein the instability gain varies as the
function of perturbation frequency (£2) for a few example pump power values in both the anomalous and normal dispersion domains.
A substantial steady area between the dual instability regions is produced by a lower pump power. As previously mentioned, a
secondary band is emanated from the nonlinear NIM channel, whereas only a primary band at lower €2 levels is emanated from
nonlinear PIM channel. The stability area expands as strength and gain increase, and the new side lobes exist in between the two
instability regions with respect to less €2 values. Both normal and anomalous dispersion regimes show similar dynamical behaviour,
but the generation of the side lobes is different. Thus, the pump power is directly proportional to the MI gain and bandwidth.

3.2 Effect of coupling coefficient on MI
When we look at how the MI gain spectrum is impacted by the coupling terms, we find that the gain is spread throughout a wide

range of K with a high-gain zone in the middle at lower values of «. With increasing coupling terms and MI spectrum, the centre
band spreading exhibits an utmost gain shape. As observed in Fig. 3, as the coupling coefficient takes up larger values, it leads to
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three MI domains with a constant, intermediate domain. The pump power and the union coefficient for instability gain are related
in the same way.

3.3 Saturation effects on MI

We provide the MI spectrum for a few typical values in Fig. 4 to emphasise the impact of the nonlinear saturation on the instability
spectrum. It is clear that nonlinearity saturation always suppresses the MI by lowering the gain of the instability bands and the
bandwidth of the ML

We provide the MI spectrum for a few example values of I in Fig. 4 to illustrate the impact of the nonlinear saturation on the
instability spectrum. From the plots, the apparent result that obviously emerges is the saturation of nonlinearity inevitably suppressing
the MI by reducing the MI gain and the bandwidth of the instability bands. This is because nonlinearity has been introduced and has
become saturated, which has had the effect of decreasing the nonlinear contribution. Therefore, the MI is significantly suppressed
in the anomalous dispersion regime alone by a strong saturation. But in the case of the normal dispersion regime, we observed
controversy in nature, because the nonlinear saturation can increase the MI strength with the help of increased gain and bandwidth.
Thus, the nonlinear saturation effect paves way for a new route of generating soliton or solitary wave in the above-mentioned optical
coupler system.

3.4 The effects of self-degeneration on MI

This section discusses the effect of SFS on the MI in an oppositely directed three-core coupler channel. The Raman self-scattering
effect is initially omitted by setting (Tr; = Tg2 = Tr3 = 0) and presumptuous that all three NIM-PIM-NIM channels are nonlinear
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with y1, y2, and y3. In order to comprehend the effects of SS, we proceed further with the investigations of MI for the various coupler
channel configurations shown as follows:

(a) Case: I The SS effect does not influence all channels (S| = S> = §3 = 0).

(b) Case: Il Only the channel PIM is impacted by the SFS effect; the remaining channels (NIM) are unaffected (§; = S3 = 0; 5, =
1).

(c) Case: III The PIM channels are impacted by the SES effect, but not the NIM (S = S35 = 1; 5, = 0).

(d) Case: IV The SS effect affects all channels equally and favourably (S; = S, = S5 = 1).

(e) Case: V The SS effect has an impact on all channels, but in the opposite direction (S; = S3 = —1; 8 = 1).

In both the normal (Fig. 5) and anomalous (Fig. 6) dispersion regimes, we discuss the aforementioned examples.

3.5 Normal dispersion domain ( f >0)

Figure 5a plots the volatility growth vs the modulational frequency (£2) and f lacking the SFS and nonlinear saturation (I") effect.
Here, we observe that still when the modulational frequency is zero, the gain is still evident for values of f >1. For f > 1, there is
also a propensity for the four balanced side bands that construct up the growth to detach from one another. Figure 5b shows two
symmetric side lobes with respect to 2 = 0. We observed that MI side bands can be reduced by the nonlinear saturation strength.
Figure 5c shows the gain spectra for example 2. For a specific choice of modulational frequency (£2), we can view the compressed MI
gain picture in this situation. It is the SFS effect operating exclusively on the PIM channel which brings about the compression of the
MI gain there. Further, we introduce the saturable nonlinearity strength like I' = 0.1 as shown in Fig. 5d. The dynamical behaviour
of MI gain spectrum is enlarged with the help of enlarged MI gain and bandwidth. Additionally, we observed five symmetric side
lobes with respect to nil 2. The SFS result has no impact on the PIM, as shown in Fig. 5e, while in the NIM channels although the
frequency of the perturbations is larger, the new instability zones are also visible. The tail of the original MI band contains the new
instability bands as well. In the presence of I' = 0.1, we observed compressed MI growth spectrum as exposed in Fig. 5f. The strong
suppression can help to generate ultrashort pulse and soliton. Each nonlinear channel has an equal sign (case 4). In dissimilarity
to example 3 (Fig. 5¢), we detected considerable fluctuations in the growth spectrum in Fig. 5g. When all couplers display the
SES effect exclusively having the reverse sign (case 5), Fig. 5i shows the growth spectrum as a function of f and the perturbation
frequency. In this case, the MI growth is significantly influenced by the sign of the SFS parameter. Furthermore, we observe that
the MI side bands are severely suppressed by the SES effect amplifying side bands and saturation. SS and nonlinear saturation can
produce novel side lobes, alter or merge alive side lobes, and offer a novel method for producing ultra brief pulses or solitons, as
our research unambiguously shows.

3.6 Anomalous dispersion scenario (f <0)

We consider the possibility of an anomalous spreading domain (g <0, [ <0, and f <0). The main difference between this and regular
spreading is that there is no instability increase for the line with perturbation frequency €2 = 0 as observed in Fig. 5. Figure 6a depicts
the gain spectrum in instance 1. For all values of f, the MI can be seen in the MI gain’s expanded image. As we increase the severity
of the nonlinear saturation effect, the two symmetric side lobes transform into four side bands with respect to the perturbation
frequency, as shown in Fig. 6b. If the SS effect only affects the channel PIM but not the other NIM channels, as shown in Fig. 6c,
we observe that MI dynamical behaviour generates the similar quantity of part bands as those shown in Fig. 5b at the outset. We
noticed a widened MI gain profile in the situation of nonlinear saturation. In instance 3, the SFS impact only has an influence on the
NIM channels but has no impact on the PIM. Due to the SFS parameter, a larger photograph of MI growth and more side bands are
produced with a greater modulational frequency. Therefore, it is obvious that SFS has extended the MI creating area. The same type
of MI dynamical behaviour is shown in Fig. 6f with a decreased MI growth profile. Look at Fig. 6g, where the SFS effect applies to
all channels equally. We notice substantial differences in the gain range with identical MI kinetics, in contrast to Fig. 5g. In Fig. 6i,
all couplers are impacted by the SFS effect, but the indicators are in opposition to one another (case 5). As seen in the normal
dispersion regime, the entire working scenario of gain spectrum is essentially similar by raising the amount of instability zones (side
bands) and significantly diminishing modulational frequency (case 5). As shown in the anomalous and normal dispersion domains,
we can see that the sign of SFS has a crucial role and gain spectra are noticeably sensitive to it.

3.7 Intrapulse Raman scattering’s function in MI

The foregoing section leads to the inference that the SFS contribution in a three-core oppositely directed coupler with two negative
indexed channels can be very much chosen to control MI and the scrutiny into the result is given in the following. MI may be altered
by adjusting the IRS impact also. First, to visualise the scenario in the absence of SFS, the SFS parameters are ignored and gain
is plotted as function of the IRS parameter. Figure 7 illustrates the MI gain spectra as a function of the modulation frequency (£2)
and IRS for the anomalous and normal dispersion regimes. It is evident that, in accumulation to the typical invariable MI lobes, the
addition of IRS grades in variable lobes on the superior frequency area. Further, we also perceive that in both anomalous and normal
scenarios, as the strength of IRS gets increased, the gain of the Raman band also increases. In this case, the MI gain is significantly
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Fig. 5 The stability gain spectra
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Fig. 6 The stability gain spectra
of several SS combinations, such
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The remaining coefficients are k = 10,P =10, S =S =S3 =0, and y; =y =y3 =1

influenced by the potency of the IRS factor. Further, we introduce nonlinear saturation (I') into IRS effect, and the two kinds of MI
(parametric and Raman) bands disappear with respect to perturbation frequency as shown in Fig. 7b. Interestingly, we add more
strength like I' = 0.5, and both kinds of bands are completely suppressed. The similar kinds of dynamical behaviour are observed
in the abnormal dispersion regime (7d—f). This strong suppression is indeed a novel route for generation of solitons or ultrashort
pulses.

3.8 Intrapulse Raman scattering, self-steepening, and their combined effects on MI

In Fig. 8, the united impacts of SS and intrapulse Raman dissemination on MI are examined for both the anomalous and normal
spreading regimes in a three-core double-doped connector with a dual NIM connector. As a function of modulational frequency
(£2) and f, Fig. 8 displays the instability growth profile for various saturation strengths, permanent SS, and IRS effect. Figure 8a
displays the MI spectrum for IRS potency. The side lobes with the highest MI increase were determined to be one symmetric and
non-conventional. The MI gain grew while the kinetic deeds varied as the nonlinear saturation parameter’s strength was increased.
We observed several MI dynamics in the anomalous case with an expanded MI spectrum (Fig.8d—f). The power of the IRS, SS, and
saturation parameters in this case is essential to the MI growth. Additionally, the impacts of the SS, saturable nonlinearity, and IRS
result in enhanced side lobes and significantly disturbed frequencies. Our work thus strongly ascertains that SS, nonlinear saturation,
and IRS are all capable of generating unique techniques for generating very short pulses or solitons, as well as new side bands, and
combinations of side bands.

@ Springer



351 Page 10 of 12 Eur. Phys. J. Plus (2023) 138:351

Fig. 8 For different nonlinear

saturation strengths in both
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4 Conclusion

In this paper, we have carried out a linear stability analysis to explore the instability scenario in an oppositely directed coupler with
higher nonlinear effects. The study of the coupled mode equations encompasses both the anomalous and normal dispersion regimes.
While the normal dispersions throw an instability gain scenario even in the absence of perturbation, the instability gain in the case
of an abnormal regime is nullified at vanishing modulational frequency. Our investigation into the effects of the self-frequency shift,
nonlinear saturation, and stimulated Raman scattering revealed that these processes expand existing instability zones and heighten
modulation instability. Because of nonlinear saturation, SS might change or merge existing side bands. We noticed two different
types of MI bands, such as the parametric and Raman bands, in the case of IRS. However, the MI side bands can be significantly
reduced by nonlinear saturation. However, the saturation effect significantly changes the MI generation in both the anomalous and
normal dispersion regimes. Both SS and IRS effects can introduce new side lobes and merge existing side bands. As a result, these
occurrences present a novel way to generate solitons or super brief pulses. Furthermore, self-steepening, nonlinear saturation, and
intrapulse Raman scattering effects are different for the abnormal and normal dispersion regimes.
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